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Abstract—When a finger touches an ultrasonic vibrating plate, a non-sinusoidal contact force is produced. This force is 
denominated acoustical finger force. In this paper, a method is proposed, in order to observe its fundamental component in the 
context of a friction reduction haptic interface. A PCA (Principal Component Analysis) is applied to the measured data, which will 
help evaluate the correlation between this measurement and the friction when sliding the finger. A linear model that predicts the 
friction coefficient is laid down and evaluated. The interest of this study is to provide a mean to adapt the tactile feedback device 
control to each user, despite of the biomechanical properties differences within each finger pad. 
Index Terms— Force, Friction, Vibrations, Acoustic measurements, Mathematical model, Skin, Damping, PCA 
1 INTRODUCTION
LTRASONIC out-of-plane vibration is one of the lead-
ing technologies to create friction modulation in hap-
tic surfaces. By modulating the friction forces between a 
vibrating plate and a user's finger as a function of its posi-
tion, illusions of out of plane shapes and textural patterns 
can be created [1], [2]. The intermittent contact between the 
finger pad and the plate, that occurs during out-of plane 
vibrations at amplitudes as low as few micrometers, is at 
the origin of the friction reduction [3], [4]. It has been ob-
served that the finger biomechanics may be used to predict 
the behavior of friction forces during tactile surface explo-
ration. In [3], it is shown that soft stratum-corneum -- with 
a low Young modulus -- has lower friction reduction, while 
[5] has established that the damping of the stratum 
corneum at ultrasonic frequencies greatly affects the sub-
ject’s susceptibility to ultrasonic friction modulation. 
Therefore, it is conceivable that certain finger mechan-
ical properties are correlated to a measure of the textural 
perception. This is further supported by [6], which has 
shown that the perceptual intensity of the tactile stimuli is 
a function of the friction contrast. This has been confirmed 
by [7], where this intensity is modelled by introducing as 
well the rate of change of the tangential force. A difference 
between falling and rising friction is observed, which is 
due to the viscoelastic properties of the fingertip. 
Hence, to obtain a same perceptual intensity of a tac-
tile stimulus, the vibration amplitude should be adapted 
according to the scanning speed and pressing force, which 
can be measured with sensors, but also to the biomechani-
cal properties of the finger pad, which change from one 
user to another. A previous attempt has been performed in 
[14], using a real time friction sensor integrated in the tac-
tile feedback surface, but the feedback signal was noisy 
and difficult to use in a lose loop control. In [8], the meas-
ured acoustical impedance is correlated to the perception 
of simulated keyclick, since this parameter is directly cor-
related to the biomechanical properties of the finger pad. 
The authors propose to use this measurement as a moni-
toring tool to produce a calibrated stimulation to each user. 
In this paper, a similar objective is targeted: how to 
adapt the friction stimulation to each user. In our case, we 
wish to use the measurement of the acoustic forces in the 
case of friction reduction tactile displays. For that purpose, 
we first present the principle of an online measurement of 
the forces. We then present an experimental study which 
aims to correlate the force measurement to the friction re-
duction. The results of this study are then analyzed using 
PCA (Principal Component Analysis), and the results are 
presented in the final section showing a coreation between 




2 PRINCIPLE OF THE FUNDAMENTAL ACOUSTICAL 
FORCE MEASUREMENT 
2.1 Definition of the acoustical finger force 
We consider figure 1, a vibrating plate which is actu-
ated by piezoelectric patches powered by a voltage 𝑣(𝑡) 
around a pulsation denoted 𝜔, and whith vibration ampli-
tude 𝑤(𝑡) = 𝑊𝑠𝑖𝑛(𝜔𝑡), whith 𝑊 ranging between 0 
and 2𝜇𝑚𝑝−𝑝. 
The voltage 𝑣(𝑡) creates a deformation force 𝑓𝑝 in the 
piezoelectrics, such that  𝑓𝑝 = 𝑁𝑣(𝑡), with 𝑁 being a param-
eter of the system named the conversion factor [1].  
In general, the dynamic system of the plate can be de-
scribed as in equation (5), with 𝑀, 𝐷 and 𝐾 representing 
the modal mass, damping and elasticity of the plate, re-
spectively [1]. If this equation is represented in the Laplace 
domain, it takes the form (5). In the imaginary plane, 𝑠 =
𝑗𝜔. In that case, it is possible to obtain equation (5). At res-
onance, 𝜔 = 𝜔𝑛 with 𝜔𝑛 = √𝐾 𝑀⁄ . In that case, equation (5) 
becomes (5).  𝑓𝑝 is therefore used to compensate the inter-
nal friction force that exists due to the plate's particles mo-
tion (internal damping). 
𝑓𝑝 = 𝑀?̈? + 𝐷?̇? + 𝐾𝑤 (1) 
𝑓𝑝 = 𝑀𝑤𝑠
2 + 𝐷𝑤𝑠 + 𝐾𝑤 (2) 
𝑓𝑝 = (𝐾 − 𝑀)𝜔
2 + 𝑗𝜔𝐷𝑤 (3) 
𝑓𝑝 = 𝐷?̇? (4) 
When a finger touches the vibrating plate, contact 
forces appear that can create additional damping and stiff-
ness into the system formed by the plate and the finger. As 
a result, the voltage 𝑣(𝑡) needs to be adapted, so that 𝑓𝑝 can 
also compensate the effect of the contact forces on the vi-
bration, and maintain 𝑊 constant [2]. Therefore, the volt-
age difference between the no-load condition and the con-
tact condition is related to the contact forces, and thus to 
the biomechanical properties of the fingertip. 
Without lack of generality, we consider the model of a 
vibrating plate which is operated exactly at its resonance 
frequency, leading to equation (5): 
𝑓𝑝 − 𝑓𝑟 = 𝐷?̇? (5) 
With 𝐷 the internal damping of the plate around a res-
onance pulsation, and 𝑓𝑟, the acoustical force. In general, 
𝑓𝑟  derives from the contact pressure 𝑃(𝑥, 𝑦, 𝑡) which de-
pends on time 𝑡, position {𝑥, 𝑦}, and on the skin bio-me-
chanical properties (for this study, it is assumed that the 
squeeze film effect [3] affects the acoustic force measure-
ment less than the intermittent contact, and does not de-
pend on the bio-mechanical properties of the finger. For 
this reason it is not considered). 
The theory of vibrational mechanics helps writing the 
relationship between 𝑓𝑟  and 𝑃 for a plate, by introduc-
ing 𝛹(𝑥, 𝑦), the modal shape of the plate when vibrating 




It is possible to observe 𝑓𝑟  by inverting the relation (5), 
leading to (5). 
𝑓?̃? = 𝑁𝑣 − 𝐷?̇? (7) 
Where 𝑓?̃?  represents an observation of 𝑓𝑟. It should be 
emphasized here that the acoustical finger force is the force 
which is due to the intermittent contact between the finger 
and the vibrating plate. Its fundamental is the frequency 
component corresponding to the resonance frequency of a 
given mode of the plate. For this reason, the finger acoustic 
force does not represent the totality of the contact force, but 
the component measured at the resonance frequency of the 
plate. 
2.2 Modelling in the rotating reference frame 
For obtaining 𝑓?̃?  , it is necessary to solve equation (5) in the 
time domain, by measuring the variables 𝑤(𝑡) and𝑣(𝑡). 
These are, however, high frequency signals, which are 
hard to manage on a portable device. This means that 𝑓?̃?  
can only be acquired at the expense of a high sampling rate, 
and off-line calculations. In order to address this issue, the 
time domain equations can be transformed into a rotating 
reference frame. 
Figure 2.  Principle of the rotating reference frame 𝑑𝑞. 
 
Figure 1.  Principle of the acoustical force measurement.  
 
Assuming that 𝑣(𝑡) is a sinusoidal function, it can be 
represented by the use of complex phasors, as in equation 
(5), where 𝑣 is the phasor of 𝑣 such that 𝑣(𝑡) is the imagi-
nary part of 𝑣. 
𝑣(𝑡) = (𝑉𝑑 + 𝑗𝑉𝑞)𝑒
𝑗𝜔𝑡 (8) 
𝑉𝑑  and 𝑉q are the coordinates of 𝑣 in the rotating refer-
ence frame 𝑑𝑞. This representation is illustrated in figure 2.  
In the same way, we define 𝑊𝑑 , 𝑊q , 𝐹𝑟𝑑 and 𝐹𝑟q.  
The method for imposing 𝑉𝑑  and 𝑉q  in order to control 
𝑊𝑑 and 𝑊q  is detailed in [1] 
In the remaining of this paper, the plate is controlled 
in such a way that 𝑊q = 0  , leading to ?̇? =  𝑗𝜔𝑊𝑑𝑒
𝑗𝜔𝑡. 
Equation (5) leads to two new equations, after projecting 
on axis 𝑑 and 𝑞: 
?̃?𝑟𝑑 = 𝑁𝑉𝑑    , ?̃?𝑟𝑞 = 𝑁𝑉𝑞 − 𝐷𝜔𝑊𝑑 (9) 
2.3 Theoretical examples  
For the purpose of illustration, we present three examples 
of an acoustical finger force observation. In the first exam-
ple, we consider a no load condition (the probing finger is 
absent), leading to 𝑓𝑟 = 0. Then, the equation (9) yields: 




Hence, at no load, 𝑉q  is proportional to 𝑊𝑑 , and the 
slope is 𝐷𝑁𝜔; this property is exploited later, in order to 
calibrate the measurements. 
In the second example, the finger is always in contact 
with the vibrating plate. So the contact force is assumed to 
be sinusoidal in steady state. Due to the acoustical imped-
ance of the finger pulp, the contact force depends on the 
vibration itself. If we consider a typical model that includes 
the internal damping of the skin (denoted by 𝐷𝑓) and the 
vibrating mass 𝑀𝑓 [4], the acoustical finger force is sinusoi-
dal, and can be writtenthanks to the fundamental mechan-
ical law: 𝑓𝑟 = 𝐷𝑓?̇?  +  𝑀𝑓?̈?, leading to: 
𝐹𝑟𝑑 = −𝑀𝑓𝜔
2𝑊𝑑 𝐹𝑟𝑞 = 𝐷𝑓𝜔𝑊𝑑 (11) 
The acoustical force is then shared between the axes: 
the d axis contains the inertial force while the q axis con-
tains the damping force. 
In the last example, we consider intermittent contact 
induced by an ideal elastic shock. When the contact is in-
termittent, 𝑓𝑟  consists of pulses at the frequency of the vi-
bration (as illustrated in Figure 3), and with a phase shift 
named ∅ [3], [5]. Each time the skin bounces on the plate, 
the force 𝑓𝑟  increases before returning to 0 when the skin is 
detaching from the plate. For illustrative purpose, we con-
sider a perfect rebound of the skin: the contact time equals 
zero, and the contact force is infinite when the plate 
touches the finger. Therefore, we write 𝑓𝑟  as a Dirac comb 
distributionwith 𝑓𝑟 = 𝑓0 ∑ 𝛿 (𝑡 −
2𝜋𝑛−𝛷
𝜔
) ∞𝑛=−∞ . It should be 
emphasized here that the average of 𝑓𝑟  is 𝑓0 by definition 
of the delta function. It is also the normal force 𝐹𝑁 , divided 
by the pulse period. Hence, the mean value of 𝐹𝑁  over k 
pariods can be expressed as (12).   
 
Figure 3.  Evolution of 𝑓𝑟 in case of an ideal intermittent contact. An-

















𝑘𝑇⁄      so,  
 
𝑓0 = 𝐹𝑁𝑇 
(12) 
The acoustical finger force 𝑓𝑟  contains a fundamental, 
which is at the resonance pulsation of the plate, and har-
monics. Due to the resonant behavior of the plate, the har-
monics do not influence the plate's vibration, and there-
fore, only the fundamental can be observed with equation 
(11). In the particular case of ideal intermittent contact con-
dition, he forces 𝐹𝑟𝑑 and 𝐹𝑟𝑞 are then calculated by 1st har-
monic decomposition. For example, considering 𝐹𝑟𝑑 in (13) 



































𝐹𝑟𝑑 = 2 (
𝜔
2𝜋
) 𝑓0 cos(𝛷) = 2 (
𝜔𝑇
2𝜋
) 𝐹𝑁 cos(𝛷) 
(13) 
The same procedure can be performed for 𝐹𝑟𝑞, us-
ing sin(𝛷). If intermittent contact occurs at every period 
(like illustrated in figure 2), then 𝑇 = 2𝜋 𝜔⁄ . Hence, when 
the contact is intermittent, 𝐹𝑟𝑑 and 𝐹𝑟𝑞 can simply be repre-
sented by (14) (if on the other hand, a sub-harmonic occurs, 
𝑇 = 4 , 6, 8, … 𝜋 𝜔⁄  and 𝐹𝑟𝑑 will be calculated over 1, 2, 3, … 
periods and the result is the same). 
𝐹𝑟𝑑 = 2𝐹𝑁 cos(𝛷)  𝐹𝑟𝑑 = 2𝐹𝑁 sin(𝛷) (14) 
From this result, it can be inferred that, with the type 
of contact proposed in the third example, the observation 
of the acoustical finger force is not related to the acoustical 
impedance of the finger pulp, and the components along 
 
the axis 𝑑 and 𝑞 are not related to a damping or a mass.  




) is related to the time at which the contact oc-
curs. 
 
Figure 4.  Theoretical evolution of of 𝑓𝑟(𝑊) when intermittent contact 
is achieved, or not, according to example models 
Over an amplitude sweep, it is possible that the condi-
tions for examples 2 and 3 occur consecutively. That is, for 
lower amplitudes the finger remains in contact with the 
plate, and the forces in the 𝑑𝑞 frame are defined by (11). 
From a given amplitude (hereby defined ‘breakpoint’), in-
termittent contact occurs, and thus the forces would be de-
fined by (14). In this case, the theoretical evolution of 𝑓𝑟  
would describe an initial linear section, followed by a sat-
uration at a maximum value 𝑓𝑟 = 2𝐹𝑁.  
Alternatively, it could happen that the finger does not 
‘bounce’.  In that case, the saturation is expected at 𝐹𝑁. 
Both cases are illustrated in Figure 4. 
3 EXPERIMENTAL SETUP AND PROTOCOL 
3.1 Material 
The setup for this experiment is as shown in Figure 5. An 
aluminum beam (18 𝑥 119 𝑥 2 mm3) is covered with a hy-
drophobic surface, and sustained by a structure equipped 
with a 6-dimensional force sensor (ATI Nano 43); an ana-
log Standard Volume Indicator (SVI) gives an indication of 
the pressing force. Four piezoelectric ceramics of dimen-
sions (16 𝑥 4 𝑥 0.5 mm3) are glued to the opposite surface 
of the beam to produce the vibration. One of them is used 
as a vibration amplitude sensor. The positioning of this 
sensor has been chosen to coincide with a maximum of de-
formation, according to the modal shape 𝛹(𝑥, 𝑦), thus 
maximizing the measurement of 𝑓𝑟  via relation (6) at any 
vibration amplitude. 
The geometry of the beam, size and position of the pi-
ezoelectric ceramics are designed and simulated with a FE 
analysis in order to obtain a pre-defined normal wave vi-
bration mode at the plate’s resonance frequency. We ob-
tained a resonant frequency of 24870 Hz. Closed loop con-
trol of the vibration amplitude of the beam is achieved 
thanks to the use of a Digital Signal Processor (STM32F4 
from ST Microelectronics). The acoustical forces are ob-
served online, and sent to a main computer through a se-
rial connection for data collection. The vibration control is 
achieved at 10 kHz. An external power amplifier (HSA 
4051 from NF, Japan) amplifies the controller's output up 
to 300 V peak-peak. 
 
Figure 5. The experimental setup; (a) is the general view and (b) is the 
plate deformation mode shape 𝛹(𝑥, 𝑦). 
The parameter N of the plate has been identified using 
the methodology described in [11] and its value is N= 
0.02NV-1. The no-load test measurement has been used to 
identify D=0.2848 Nsm-1, from (10), with an amplitude 
sweep 𝑊𝑑 varying back and forth from 0 to 2𝜇𝑚𝑝−𝑝 (with 
20 steps of 0.1𝜇𝑚𝑝−𝑝), 𝑉𝑑 = 0 and 𝑉𝑞 = 12x10
6𝑊𝑑 . 
3.2 Experimental procedure 
Twelve healthy perople aged from 22 to 60 participated to 
the experiments. They were asked to thoroughly wash and 
dry their hands before the tests. All participants gave writ-
ten informed consent. The investigation conformed to the 
principles of the Declaration of Helsinki and experiments 
were performed in accordance with relevant guidelines 
and regulations. 
Prior to any experiment, the participants trained them-
selves to apply a constant pressure of 0.4 N onto the plate 
for some seconds, by following the indication of the SVI. 
Two experiments were designed in this work. In the 
first experiment, the participants placed their finger on the 
middle of the plate, standstill, with an angle of 45o, pushing 
with a normal force of 0.4 N. During the experiment, the 
vibration amplitude 𝑊𝑑 is imposed in close loop control, 
just as for the no-load condition, i.e. 𝑊𝑑 varying back and 
forth from 0 to 2𝜇𝑚𝑝−𝑝 (with 20 steps of 0.1𝜇𝑚𝑝−𝑝). The cy-
cle is repeated five times. The components 𝐹𝑟𝑑 and 𝐹𝑟𝑞 are 
recorded at the end of each step. 
In the second experiment, the participants moved their 
finger laterally from left to right, along the surface of the 
plate. They were asked to keep an inclination of 45o and a 
 
pressing force of 0.4 N. To control the finger's speed, a met-
ronome emits sound at 1bps and participants are asked to 
move their finger between two lines marked on the plate 
during two metronome clicks. The nominal speed is then 
equal to 70 mms-1. During this try, the sinusoidal vibration 
amplitude applied to the plate is modulated by a 5 Hz 
square signal varying from 0 to to 2𝜇𝑚𝑝−𝑝, and the normal 
and tangential forces are recorded at a sampling rate of 100 
Hz. 
The second experiment is performed right after the 
first one, keeping the same experimental conditions, to 
benefit from the training of the finger inclination and 
pressing force, as well as to keep the participant's skin in 
the same condition. Actually, it was observed during the 
tests, that the participants controlled the pressing force 
with a higher pressure than required (average=0.515N), 
but maintained it almost constant over the test (standard 
deviation SD=0.07N over all participants).  
4 RESULTS 
4.1. Result from experiment 1 
In Figure 6 the measurements of acoustic force, ?̃?𝑟𝑑 and 





  are depicted for all participants.  
We notice that the evolution and maximal values of 
the observed ?̃?𝑟  and components ?̃?𝑟𝑑 and ?̃?𝑟𝑞 differ from 
one participant to another, due to the different mechanical 
properties of the skin of every participant. 
The theoretical values from the examples illustrated in 
Figure 4 section 2.3., for an applied pressure of about 0.5N, 
led to expect a lineary increasing ?̃?𝑟, with a saturation oc-
curring at about 1N. However, the actual measurements 
exhibit a different behavior for most participants. Some 
subjects, such as 1-2, and 8-12, provide a measurement up 
to two times higher than the expected 1N. Others, such as 
4, 6 and 7 seem to reach a lower inflection point (or ‘break-
point), at about 0.5N, but steadily increase from there. This 
result leads to the conclusion that the intermittent contact 
models used for the examples are perhaps lacking a few 
elements to describe the full complexity of the contact be-
tween the finger and the plate. 
A possible explanation for this difference may be re-
lated to the non-consderation of the existing column of air 
between the finger and the plate when there is contact loss 
(the reason for the squeeze film effect). This phenomenon 
could, for example, explain why some participants reach 
larger  ?̃?𝑟  than the theoretical saturation value of 1N. This 
could be the case if, for example, 𝑓𝑟  took negative values 
for a portion of the vibration period, due to negative pres-
sures or ‘suction’ forces during the loss of contact.   
4.2. Result from experiment 2 
The results of the second experiment helped to character-
ize the friction modulation for each participant. Figure 7 
depicts a typical friction measurement when the partici-
pant is sliding her/his finger over the tactile plate. A posi-
tive friction coefficient (denoted 𝜇) is obtained when the 
Figure 6. Measured force values ?̃?𝐫𝐝 (red),  ?̃?𝐫𝐪 (blue) and the force magnitude ?̃?𝐫 (black), as a function of 𝐖 for every participant 
 
finger is sliding from left to right, while a negative 𝜇 is ob-
tained in the reverse direction. The modulation of 𝜇 is due 
to the modulation of the vibrating amplitude 𝑊 (with the 
5 Hz square signal) while sliding. 
 
Figure 7. Typical friction coefficient μ as a function of time for one par-
ticipant 
To characterize the friction modulation, we calculate 
for each participant the maximum of 𝜇, named 𝜇𝑚𝑎𝑥 and 
the friction reduction denoted ∆𝜇. Since the value may 
change from one period of the modulating signal to an-
other, we average the measurement over 6 periods of fric-
tion modulation (considering either the positive or nega-
tive coefficients). 
The obtained values are represented in the bar graph 
in Figure 8. It is possible to observe that the friction coeffi-
cient and its variation may be very different from one par-
ticipant to another. Some measurements, such as those for 
subjects 3 -7, have a low 𝜇𝑚𝑎𝑥 (below 0.5). It can be verified 
from Figure 6 , that these participants also have a low value 
of maximal acoustical finger force (less than 1.6 N). Partic-
ipants of the other group, 1-2, 8-12, have a high level of 
friction (above 0.5) and a minimum force of 1.5 N. There-
fore, it seems reasonable to consider a correlation between 
the acoustical force measurement, and the level of friction 
with and without ultrasonic vibration.  
 
Figure 8. Maximum of friction μmax and ∆μ for each participant 
5 PCA OF THE FINGER ACOUSTIC FORCE 
MEASUREMENT AND ITS CORRELATION WITH 
FRICTION 
In order to elucidate a possible relation between the 
fundamental acoustical force calculation and the friction 
coefficient between the finger and the plate (and how it 
changes due to vibration), two hypotheses are analysed. 
Firstly, it is necessary to determine, whether the mean 
acoustic force magnitude of a given participant ‘𝑝’, ?̃?𝑟𝑝 , can 
be expressed as a separable function of two distinct factors. 
The first factor is related to the motion of the plate, i.e. a 
function of the vibration amplitude, which will be de-
noted 𝑓(𝑊). The second factor is specific to the mechanical 
properties of the participant’s finger i.e. a function of each 
subject, which will be denoted 𝜎(𝑝). If the two effects are 
separable,  ?̃?𝑟𝑝 could be decomposed into the addition of ‘𝑛’ 
response types (similar to a modal decomposition), to be 
expressed as in equation (15). A PCA would therefore be 
useful for building such a model. 




The second hypothesis deals with a possible relation 
between the acoustic force response and the friction be-
tween the finger and the plate (and how this friction re-
duces when the plate vibrates). If it is indeed possible to 
find a model for the acoustic force response, where a few 
participant’s parameters are differenciated from the influ-
ence of the vibration amplitude, it could then be possible 
to find if there is a relation between these parameters and 
the friction of the finger with and without vibration. This 
second hypothesis suggests as well that the possible influ-
ence of an additional factor (not plate or finger, but for ex-
ample, air) in this relation is neglectible.  
If these two hypotheses are validated, it would mean 
that the friction between the finger and the plate, with and 
without vibration, may be inferred with a certain precision, 
by measuring the finger’s acoustic force response. Moreo-
ver, if equation (15) is validated, this may help identify the 
influence of the human factor in the force response. Such a 
result may serve to identify certain finger parameters in an 
improved analytical model similar to the one exemplified 
in section 2. 
 
Figure 9. Construction of matrix FR from the participant’s mean 
acoustic force calculation 
 
 
For analyzing the first hypothesis, one acoustic force 
matrix 𝐹𝑅 is constructed as shown in Figure 109. Each ele-
ment of 𝐹𝑅 corresponds to the mean acoustic force magni-
tude 𝐹?̃?  calculation from the measurements at each vibra-
tion amplitude (20 scanned amplitudes from 0 to 2𝜇𝑚𝑝−𝑝), 
for each participant (12 subjects). 𝐹𝑅 has, therefore, a di-
mension of 20x12, where the rows represent any given par-
ticipant, and the columns a vibration amplitude.  
A PCA analysis is made for 𝐹𝑅. The PCA helps repre-
sent the data as a series of projections on subsequent or-
thogonal normalized axes which will maximize the vari-
ance amongst datapoints. These axes are called ‘compo-
nents’. The first component corresponds to the direction 
which explains the highest percentage of the variance 
while the succeeding ones explain the rest of the percent-
age of the variance in decreasing order.  
The components which are able to represent most of 
the variance between data points are denominated ‘princi-
pal’ components (e.g. for a given data set, principal com-
ponent 1 (PC1) could explain 90% of the variance, PC2 5%, 
PC3 0.5%, and so on). The PCA helps re-writing matrix 𝐹𝑅 
as shown in equation (15), where 𝑆𝑐𝑛 represent the percent-
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A single significant PC in the analysis can be inter-
preted as a correlation between the measured data, ex-
plainable by a simple linear combination of the measure-
ments. In other words, if the score for PC1, 𝑆𝑐1, is large 
enough (larger than 95%, for example), the mean acoustical 
force magnitude response for every participant could be 
represented by more or less the same ‘shape’ 𝑓1(𝑊) (which 
is constructed by combining the results of every partici-
pant), multiplied by a constant for each participant 𝜎1(𝑝). 
 
5.1. PCA results for 𝑭𝑹 
After doing the analysis, it was found that PC1 ex-
plains over 97% of the variance of the data in matrix 𝐹𝑅. In 
other words, in the 12-dimensional space created by the 
measurements of each participant at each vibration ampli-
tude, there exists a one-dimensional sub-space (a single 
axis: PC1), which serves to accurately represent most of the 
variance of the data (it can be seen that the variation in PC2 
is much smaller in comparison to the variation in PC1). Fig-
ure 10 represents the biplot of the force data (red dots) in 
the PC1, PC2 plane. In blue, each axis represents the pro-
jection of each participant on the principal component 
plane. If it was desired, for example, to find the value of 
the data for one of the 12 participants, it would suffice to 
project the point into the axis corresponding to the desired 
subject. For this reason, axes which are projected close to 
each other are expected to produce similar  𝐹?̃?  responses. 
 
Figure 10. Biplot of  𝐹?̃? data from 0 to 2𝜇𝑚𝑝−𝑝 in PC1, PC2 plane. In 
blue, the projectios of the axes of each participant in the PC plane   
This result confirms hypothesis 1, that the function de-
scribing  𝐹𝑟?̃? at a given amplitude can be represented by 
separating the influence of the plate from the one of the 
human. Hence, (15) could be simplified to (15) if only one 
PC is considered, and to (15) if we consider PC1 and PC2. 
 ?̃?𝑟𝑝 = 𝑓1(𝑊)𝜎1(𝑝) (17) 
 ?̃?𝑟𝑝 = 0.97𝑓1(𝑊)𝜎1(𝑝) + 0.03𝑓2(𝑊)𝜎2(𝑝) (18) 
Thanks to this result, the sought human characteristic 
becomes simpler to find. If (15) is considered, for a given 
participant 𝑝, 𝜎1(𝑝) , can be estimated from the knowledge 
of 𝑓1(𝑊), and the measurement of  𝐹𝑟?̃?. Moreover, given 
that  𝑓1(𝑊) is already known, 𝜎1(𝑝) can be estimated by 
measuring a single data point at a given amplitude for sub-
ject 𝑝. If two PC were considered, as in (18), two datapoints 
would serve to find 𝜎1(𝑝) and 𝜎2(𝑝), and so on. For this 
reason, it can be assumed that force data extrapolation is 
feasible. Consequently, if an additional person 𝑝13 is in-
cluded, their complete acoustical force response can be re-
constructed from a single point (or two) measurement 
of  𝐹𝑟?̃? . 
5.2. Coefficient 𝝈𝟏 estimation and  𝑭𝒓?̃? extrapolation 
from a single measurement, considering only 
one PC 
A reconstruction of a person’s force response from one 
point and the PCA data is illustrated in an example.  
 
Here, participant 12 (𝜎1(𝑝12) = 0.305) is removed 
from the calculation. A PCA is then performed with 11 par-
ticipants. One measurement of the 12th subject is taken. For 
this example, the mean force magnitude at 2𝜇𝑚𝑝−𝑝  vibra-
tion is measured (?̃?𝑟12@2𝜇𝑚 = 1.406𝑁). The estimated coef-
ficient of the 12th subject  can thus be calculated by dividing 
the measured data point, by the value contained in the 
principal component at the same amplitude of 2𝜇𝑚𝑝−𝑝  : 
𝜎1𝑒𝑠𝑡(𝑝12) = ?̃?𝑟12@2𝜇𝑚 𝑓1(2𝜇𝑚𝑝−𝑝  )⁄ . This coefficient 
𝜎1𝑒𝑠𝑡(𝑝12) = 0.311, is then used to re-calculate the force re-
sponse for subject 12 at each point, as can be seen in Figure 
11. The estimation is compared to the measurement for 
subject 12 on this figure.  
 
Figure 11. Estimation of the force response from one force meas-
urement using the PCA model with only one principal component   
 
The results show a fairly accurate estimation of  𝐹?̃? for 
participant 12 at each amplitude, with a mean relative er-
ror of about 1.5% and a maximum relative error of less than 
8% at each point. 
In order to confirm that PC1 provides a good enough 
representation of the data for the tested population, an es-
timated 𝜎1𝑒𝑠𝑡(𝑝) can be made for each subject in the trial, 
by using the same method explained in the example (per-
forming the PCA for 11 participants and estimating the 
datapoints of the remaining one from a single measure-
ment). This value is compared to the actual coefficient 
𝜎1(𝑝) derived from the PCA with the actual data.  
The results of the coefficient estimation are listed in 
table 1. The average relative error for all meaursments is 
less than 8%, with the largest being about 30%.  
Overall, it can be concluded that the model obtained 
from the PC1 is accurate enough to predict 𝜎1(𝑝) of most 
participants with a single measurement, with certain ex-
ceptions such as such as subjects 4, 6 and 7, for whom the 
error is still rather significant.   
Albeit the fairly accurate estimation of 𝜎1(𝑝) , it is pos-
sible that the use of a single PC may hinder the precision 
of the complete force response extrapolation for some par-
ticipants.  
TABLE 1 
COEFFICIENT DERIVED FROM PCA VS. ESTIMATED COEFFI-
CIENT FROM A SINGLE DATAPOINT 
 p 𝝈𝟏 𝝈𝟏𝒆𝒔𝒕 err1% 
 1 0.431 0.428 0.72 
 2 0.318 0.308 3.23 
 3 0.250 0.265 6.01 
 4 0.124 0.145 16.39 
 5 0.244 0.247 1.45 
 6 0.102 0.127 23.99 
 7 0.113 0.145 29.24 
 8 0.266 0.280 5.23 
 9 0.409 0.368 9.93 
 10 0.311 0.311 0.01 
 11 0.354 0.355 0.29 
 12 0.305 0.311 1.75 
 
To improve this potential issue, equation (13) can be 
considered, and an additional component, PC2, may be 
added to the model.  
This new result, will allow evaluating if the estimation 
is improved by measuring two points instead of one.  
5.3. Coefficients 𝝈𝟏 and 𝝈𝟐 estimation and  𝑭𝒓?̃? 
extrapolation from a two-point measurement 
A similar approach to section 5.2. is considered. However, 
two points are now measured: 𝑃1 = ?̃?𝑟𝑝@2𝜇𝑚 and 𝑃2 =
?̃?𝑟𝑝@1𝜇𝑚. Knowing these two points, the new 𝜎1(𝑝) and 







The result of the estimation of 𝜎1(𝑝) and 𝜎2(𝑝) are 
listed in table 2, with their corresponding relative error.  
If the results on table 2 are compared to those on table 
1, it can be noticed that the coefficient estimation is not sig-
nificantly improved by the inclusion of a second compo-
nent. However, the comparison of the estimation of the 
complete data for each participant, which is presented in 
figure 12, leads to a different conclusion.  
In this figure it can be noticed how, for many of the 
participants, PC1 seems to provide a fair approximation of 
their force response. Nevertheless, an important improve-
ment of the approximation for all subjects is achieved 
thanks to the use of a second component (measurement er-
rors may justify the inaccuracies). 
5.4. Friction correlation with PCA results from a 
single point measurement (one PC) 
Moving on to the second hypothesis, we wish to determine 
whether a relation can be found between the data recov-
ered from the PCA of the measurements and the friction 





COEFFICIENTS DERIVED FROM PCA VS. ESTIMATED COEFFI-
CIENT FROM TWO DATAPOINTS 
p 𝝈𝟏 𝝈𝟐 𝝈𝟏𝒆𝒔𝒕 𝝈𝟐𝒆𝒔𝒕 err1% err2% 
1 0.431 -0.469 0.435 -0.497 1.1 6.0 
2 0.318 0.228 0.303 0.219 4.8 3.6 
3 0.250 0.527 0.262 0.535 5.0 1.4 
4 0.124 0.083 0.143 0.133 14.9 60.8 
5 0.244 0.199 0.244 0.197 0.1 1.5 
6 0.102 -0.040 0.127 -0.024 23.9 40.8 
7 0.113 0.118 0.144 0.143 27.8 21.6 
8 0.266 0.336 0.277 0.255 4.1 24.2 
9 0.409 0.123 0.364 0.162 11.0 32.2 
10 0.311 -0.319 0.314 -0.296 1.1 7.3 
11 0.354 -0.388 0.361 -0.392 2.0 0.8 
12 0.305 0.088 0.309 0.097 1.0 10.6 
 
Firstly, in figure 13, the estimated coefficients 𝜎1𝑒𝑠𝑡(𝑝) 
are plotted against the friction coefficient  μmax without vi-
bration,  𝜇𝑚𝑖𝑛when there is vibration at 2𝜇𝑚𝑝−𝑝, and finally 
against the relative friction coefficient reduction 
 ∆𝜇 𝜇𝑚𝑎𝑥⁄  (a parameter associated with perception).  
Linear regressions between 𝜎1𝑒𝑠𝑡  and μmax , μmin  and 
∆𝜇 μmax⁄  are calculated. The resulting relations are ex-
pressed in (21) - (23). 
𝜇𝑚𝑎𝑥 = 1.9𝜎1𝑒𝑠𝑡(𝑝) + 0.015 (21) 
𝜇𝑚𝑖𝑛 = 1.8𝜎1𝑒𝑠𝑡(𝑝) − 0.078 (22) 
∆𝜇 𝜇𝑚𝑎𝑥⁄ = −0.72𝜎1(𝑝) + 0.47 (23) 
TABLE 3 
FRICTION COEFFICIENT MEASUREMENT VS. ESTIMATION FROM 
PCA COEFFICIENTS AND LINEAR REGRESSION 
 p 𝝁𝒎𝒂𝒙 𝝁𝒎𝒊𝒏 𝝁𝒎𝒂𝒙𝒆𝒔𝒕 𝝁𝒎𝒊𝒏𝒆𝒔𝒕  err1% err2% 
 1 0.750 0.614 0.827 0.692 10.3 12.7 
 2 0.614 0.487 0.600 0.477 2.2 2.2 
 3 0.357 0.224 0.518 0.398 45.1 78.1 
 4 0.295 0.200 0.290 0.183 1.6 8.4 
 5 0.373 0.255 0.485 0.367 30.1 44.1 
 6 0.230 0.138 0.256 0.150 11.1 8.8 
 7 0.264 0.173 0.291 0.184 10.2 6.3 
 8 0.689 0.434 0.547 0.426 20.7 2.0 
 9 0.412 0.298 0.715 0.585 73.4 96.7 
 10 0.893 0.792 0.605 0.481 32.3 39.3 
 11 0.884 0.806 0.689 0.561 22.1 30.4 
 12 0.609 0.411 0.606 0.481 0.5 17.0 
 
When performing the approximation, we find that 
that μmax has a correlation of about 75% with the esti-
mated σ1(𝑝)  and a standard mean squared error of 0.53. 
For μmin we get a correlation of about 71% and a standard 
mean squared error of 0.54. In the case of friction contrast, 
the relation between 𝜎1𝑒𝑠𝑡(𝑝) has a smaller correlation of 
about 65% a standard mean squared error of 0.26. 
Figure 12. Mean Acoustical Force estimation comparison: using one PC (red), and using two PC (blue) 
 
 
Figure 13. Relation between participant data from PCA σ1(p) and 
(up) friction coefficient without vibration, (center) friction coefficient 
with 2μmp-p vibration, (down) relative friction reduction. 
The friction coefficients are estimated with the linear 
regressions given by (21) - (21) (which give the highest cor-
relation) for each participant. Table 3 details the estimation 
and relative error of the μmax and μmin estimations (us-
ing 𝜎1𝑒𝑠𝑡), against the corresponding measurements. 
The approximation is fair, with an average error of 
about 22% for μmax and 28% for μmin, eventhough a group 
ofoutliers are identified. This result might be improved by 
the inclusion of PC2 to the analysis.  
5.5. Friction correlation with PCA results from a 
two-point measurement (PC1 and PC2) 
With the inclusion of a second datapoint measurement, the 
friction coefficient with or without vibration (𝜇) may be ex-
pressed as in (24). 
𝜇 = 𝐴𝜎1𝑒𝑠𝑡(𝑝) + 𝐵𝜎2𝑒𝑠𝑡(𝑝) + 𝐶 (24) 
Given that coefficients ‘A’ , ‘B’ and ‘C’ in (19) are unknown, 
an optimization is carried out, in order to maximize the 
correlation of the left and right side of (19) for μ = μmax, 
μ = μmin and μ = ∆𝜇 𝜇𝑚𝑎𝑥⁄  . The algorithm produces rela-
tions (20) – (22). 
𝜇𝑚𝑎𝑥 = 1.97𝜎1𝑒𝑠𝑡(𝑝) − 0.36𝜎2𝑒𝑠𝑡(𝑝) + 0.03 (25) 
𝜇𝑚𝑖𝑛 = 1.37𝜎1𝑒𝑠𝑡(𝑝) − 0.28𝜎2𝑒𝑠𝑡(𝑝) + 0.02 (26) 
∆𝜇 𝜇𝑚𝑎𝑥⁄ = −0.32𝜎1𝑒𝑠𝑡(𝑝) + 0.17𝜎2𝑒𝑠𝑡(𝑝) + 0.37 (27) 
The correlation between the caculations and the measured 
values is 83%, 85% and 83% for μmax , μmin  and ∆𝜇 μmax⁄  
respectively. 
The friction coefficients are estimated with the linear 
regressions given by (21) - (21) (which give the highest cor-
relation) for each participant. Table 3 details the estimation 
and relative error of the μmax , μmin and ∆𝜇 μmax⁄  estima-
tions (using 𝜎1𝑒𝑠𝑡 and  𝜎2𝑒𝑠𝑡), against the corresponding 
measurements. 
TABLE 3 
FRICTION COEFFICIENT MEASUREMENT VS. ESTIMATION FROM 
PCA COEFFICIENTS AND LINEAR REGRESSION 
p μmax𝑒𝑠𝑡 μmin𝑒𝑠𝑡 
∆𝝁
μmax𝑒𝑠𝑡
 err1% err2% Err3% 
1 1,1 0.75 0.14 42.6 22.8 20.1 
2 0.55 0.37 0.31 10.2 24.2 49.1 
3 0.36 0.22 0.37 0.0 0.0 0.0 
4 0.27 0.17 0.34 9.8 12.5 6.3 
5 0.44 0.29 0.32 18.8 15.7 1.9 
6 0.29 0.20 0.32 26.1 42.5 19.3 
7 0.26 0.17 0.35 0.0 0.0 0.0 
8 0.49 0.32 0.32 29.4 25.6 13.0 
9 0.69 0.47 0.28 67.7 57.5 0.0 
10 0.76 0.53 0.22 15.2 33.0 91.2 
11 0.88 0.62 0.19 0.0 22.8 109.7 
12 0.61 0.41 0.29 0.5 0.0 12.0 
 
The correlation and error are improved by including a new 
component in the approximation. Nonetheless, some error 
margin remains. This may be due to measurement error, or 
perhaps a missing parameter in the relation. 
7 DISCUSSION 
The measurement of the fundamental acoustical finger 
force has been achieved on a portable device, with the help 
of a Digital Signal Processor, and does not require off line 
calculation. We obtained measurements from 12 partici-
pants, which are plotted in Figure 6. From the observa-
tions, it can be noted that for most participants, the force 
response in function of the vibration amplitude increases 
 
linearly up until a given amplitude (hereby named ‘break-
point’), when either the 𝑑 or the 𝑞 (or both) axes saturate, 
and the response is non-linear. We believe that this change 
in force behavior corresponds to the onset of the intermit-
tent contact. This inflection point is different from one par-
ticipant to another. This might be due to the different me-
chanical skin parameters. Indeed, it has been shown that 
intermittent contact occurs for higher vibration amplitude 
for soft skin [3].  
One may notice that the behavior of the calculated 
mean acoustic force differs in magnitude as the expecta-
tions which can be made from the examples provided in 
section 2. In the case of ideal intermittent contact produc-
ing pulsed forces as depicted in Figure 3, the fundamental 
of the acoustical finger force is expected to measure maxi-
mum two times the mean value of the pressing force (0.4 – 
0.5N). A few explanations may be provided for this dis-
crepancy. Firstly, it is likely that the ideal intermittent con-
tact model is too simple and further investigation is neces-
sary to address this issue. Secondly, other parameters of 
the system may be oversimplified leading to miscalcula-
tions e.g. the value of 𝑁 might be overestimated.  
Figure 8 and Figure 6. show that there might be a cor-
relation between the friction coefficient, and the measured 
acoustic force magnitude. This is explainable by taking 
into account that people with similar biomechanical finger 
propertie may have similar riction responses. Those with a 
high friction coefficient 𝜇𝑚𝑎𝑥 could have high acoustical 
finger forces, and vice versa. This can be explained, for ex-
ample, by the moisture level of the participant's finger. In-
deed, [6] demonstrates that higher level of moisture leads 
to higher level of friction coefficient, for all surfaces (with-
out ultrasonic vibrations), while at the same time,  [7] 
shows that a moist skin also has lower stiffness than a dry 
one, and thus needs higher vibration amplitude to obtain 
the intermittent contact. Two participants (7 and 10) how-
ever have higher coefficient of friction than what is ex-
pected from the proposed model. However, it can be ob-
served that the behaviour of ?̃?𝑟  in their case is different: it 
does not saturate, as if the finger skin had not reached the 
intermittent contact. 
Finally, a PCA analysis was made in order to find out 
if the human parameter could be separated from the plate’s 
vibration amplitude on the force response. Since this was 
the case, it was intended to find out whether the found pa-
rameters could be correlated to friction. It has been found 
out that a fair correlation can be established by only meas-
uring one or two points of a single person, with the use of 
the statistical model obtained from the PCA. 
8 CONCLUSION 
A statistical model has been proposed to predict the maxi-
mum friction coefficient and the friction contrast for a sub-
ject touching a vibrating plate, from the observation of the 
fundamental acoustical force of the person’s. The algo-
rithms built from these models allow lesser processing 
hardware specifications than already proposed solutions, 
and minimize the amount of sensors required. They could 
therefore be implemented in real time on a light digital sig-
nal processor. Thanks to the aforementioned models, and 
the use of closed loop amplitude control, the level of vibra-
tion in ultrasonic haptic interfaces could be made to adapt 
to a given user, by only measuring one or two datapoints 
of this subject once. This result helps producing a more 
standardized sensation, by rendering these devices less de-
pendent on finger bio-mechanics, hence more efficient 
from a haptic interaction point of view. 
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